In this paper, we introduce new strong types of connected spaces, we call them complete α−connected spaces, by which, we introduce the degree of complete connectedness of such spaces. Moreover, we give some results on such spaces and study the relation between them and α−connected spaces.
Introduction
In topology and related branches of mathematics, connectedness play a crucial rule in topological spaces where many problems use connectedness to distinguish topological spaces. Many other stronger types of connectedness were studied such path connected, widely connected, biconnected, and n−connected spaces to study the structure of topological spaces and the geometry of the topological spaces. We refer the reader to ( [1] , [3] ).
The connected topological space X is the topological space that can not be represented as the union of two or more disjoint nonempty open subsets [4] . In 1985 J.E. Harmse ([2] ) introduced stronger types of connectedness called α−connected and α−path connected spaces as a generalization of connected and path connected spaces, respectively. Moreover, he proved some results for real-valued functions defined on a space with this property.
In this paper, we introduce the degree of α−connectedness to study a new stronger type of connectedness and pathconnectedness called Complete α−connected. For complete α−connected space, we introduce the definition of the cut set and the degree of complete α−connected topological space to give some results on complete α−connected spaces.
Preliminary
In this section, we introduce some definitions and results that we will use. We start with the α−connected spaces.
Definition 1 ([2]
)Let X = (X, τ ) be a topological space, and α be a cardinal number. Then X is said to be α−connected if for any two elements x, y of X there is a family F = {C β : β ∈ ∆} of connected subsets of X such that
Definition 2 Let X = (X, τ ) be a connected topological space. Then a subset D of X is said to be cut set if X − D is disconnected.
Theorem 3 ([2]
)Let X = (X, τ ) be a topological space, and α be a cardinal number. If X is α−connected then X can not be made disconnected except by removing at least α points. That is, if D is a cut set of X, then |D| ≥ α.
Definition 4 Let X = (X, τ ) be a topological space. Then we say that the degree of connectedness of X is α, denoted by deg c (X) = α, if X is α−connected and there exists a cut set D of X such that |D| = α.
Example 5 The space R =(R, τ u ) is 1−connected but not 2−connected because R is connected and {0} is a cut point of R which implies that deg c (R) = 1.
3 Complete α−Connected Spaces Definition 7 Let X = (X, τ ) be a topological space, and α be a cardinal number. Then X is said to be complete α−connected space if for any two distinct elements x, y of X there is a family F = {C β : β ∈ ∆} of connected subsets of X of degree 1 such that C β ∩ C γ = {x, y} for distinct α, γ of ∆, where |∆| = α.
Example 8 The R =(R, τ u ) is a complete 1−connected space.
Theorem 9 Every complete α−connected space is α−connected space.
Note that the vice-versa of the above theorem is not always true.
Example 10 (R, τ cof ) is c−connected space but not complete c−connected topological space
Proof. Let x, y ∈ R with x = y. Since |R\{x, y}| = c, then there exists a partition P = {C α : α ∈ ∆} of R\{x, y} such that |∆| = c and
−connects x and y and A α ∩ A β = {x, y} for distinct elements α, β of ∆. Hence, (R, τ cof ) is c−connected. Since connected nondegenrate subsets of the space (R, τ cof ) are precisely infinite, then there is no connected subset of degree 1 that connects x and y. Hence, (R, τ cof ) is not complete c−connected space.
Definition 11 Let X = (X, τ ) be a topological space. Then we say that the degree of complete connectedness of X is α, denoted by deg cc (X) = α, if X is complete α−connected and there exists a cut set D such that |D| = α. If X = (X, τ ) is complete α−connected for all α, we write deg cc (X) = ∞.
Example 12
The following examples show the degree of complete connectedness for some spaces i deg cc (X) = 0 for any disconnected space X,
Lemma 13 The degree of α−connectedness is a topological property.
Proof. Let X be an α−connected space with deg c (X) = α and f : X → Y be a homeomorphism from X to Y. If y 1 , y 2 ∈ Y , then there exists x 1 , x 2 ∈ X such that f (x 1 ) = y 1 and f (x 2 ) = y 2 but X is α−connected which implies that there is a family L = {C β : β ∈ ∆} α− connects x 1 and x 2 in X. Then the family F = f (L) = {f (C β ) : β ∈ ∆} α− connects y 1 and y 2 in X. To prove that deg c (Y ) = α, we need to show that there is a cut set B ⊂ Y with |B| = α. Since deg c (X) = α which implies that there is a cut set A ⊂ X with |A| = α. Now since A is a cut set of X implies X − A is disconnected, we have that f (X − A) = Y − f (A) is disconnected using the continuity of f and f −1 which maps connected sets to connected sets. Thus, we can choose B = f (A) and it is clear that B is a cut set with |B| = |f (A)| = |A| = α because f is injective. This completes the proof of Lemma 13.
Theorem 14
The degree of complete α−connectedness is a topological property.
Proof. Let X be a complete α−connected space with deg cc (X) = α and f : X → Y be a homeomorphism from X to Y If y 1 , y 2 ∈ Y . Then there exists x 1 , x 2 ∈ X such that f (x 1 ) = y 1 and f (x 2 ) = y 2 . But X is Complete α−connected which implies that there is a family L = {C β : β ∈ ∆} α− connects x 1 and x 2 in X such that deg c (C β ) = 1 for all β ∈ ∆. By Lemma 13, deg c (f (C β )) = 1 for each β ∈ ∆ and the family F = f (L) = {f (C β ) : β ∈ ∆} α− connects y 1 and y 2 in X with f (C β ) ∩ f (C γ ) = {y 1 , y 2 } for distinct γ, β of ∆. This completes the proof of Theorem 14.
Proof. Let X be a T 1 topological space with deg cc (X) = β. Then the set D = X\{x 1, x 2 , ..., x n } is a cut set of X with |D| ≤ α because X\D is a discrete subspace of X which implies that X\D is disconnected. Hence, deg cc (X) ≤ α.
Theorem 16 ([2])Any real topological space of dimension greater than 1 is c−connected.
The proof of the following theorem is an adaptation of the proof of Theorem 16.
Theorem 17 deg cc (R n ) = c for n > 1.
Proof. Note that dim(R n ) = n > 1. Let x, y ∈ R n with P α (0) = x and P α (1) = y. Since x = y, then x − y = 0 and since dim(R n ) > 1 then there exists z ∈ R n such that x − y and z are linearly independent. For each α ∈ R define a path P α : [0, 1] → R n by 
Hence, t = s because x − y and z are linearly independent. Therefore t(1 − t)α = s(s − 1)β. Now t / ∈ {0, 1} because P α (0) = x and P α (1) = y. It follows that α = β which leads to P α ([0, 1]) ∩ P β ([0, 1]) = {x, y} for α = β. Finally, since P α is a path in R n and P α (0) = x and P α (1) = y with P α (0) = x and P α (1) = y which implies that P α is not a closed path because x = y, then deg c (P α ([0, 1])) = 1 for each α ∈ R. Hence, R n is complete c−connected which implies that deg cc (X) ≥ c but R n is a T 1 topological space with |R n | = c > 1.Therefore, deg cc (X) ≥ c by Theorem 15. Hence, deg cc (X) = c.
Corollary 18 R n and R are not homeomorphic.
Corollary 19
For n > 1, let f : R n → R be a continuous function. If x 0 ∈ (f (R n ))
• , then c ≤ |f −1 ({x 0 })|
Proof. Let D = {x ∈ R n : f (x) = x 0 }. Now f (R n ) is connected because the continuous image of connected set is connected which implies that f (R n ) is an interval because connected subsets of R are intervals. Since x 0 ∈ (f (R n ))
• , then {x 0 } a cut point. Therefore, f (R n \D) is disconnected because it does not contain x 0 . Hence, R n \D is disconnected and D is a cut set. But deg cc (X) = c which implies that |D| ≥ c. This completes the proof of Corollary 19.
